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SUMMARY 


Experimental  data  is  presented  for  the  resonant  frequencies  and 
associated  mode  shapes  of  truncated  conical  shells  with  free  edges  in 
transverse  vibration.  A  wide  range  of  the  geometrical  and  modal  para¬ 
meters  is  covered.  A  semi-empirical  frequency  equation  is  developed 
which  can  be  used  to  predict  the  first  axial  mode  resonances  with  satis¬ 
factory  accuracy^ 
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radius  of  the  major  and  minor  base,  respectively 
Young’s  modulus 
thickness  of  shell 

modal  parameter,  associated  with  meridional  mode  shape 
circumferential  wave  number 

distance  along  meridian,  measured  from  apex 
time 

displacement  components,  in  meridional,  circumferential 
and  normal  directions,  respectively 

semivertex  angle 
Z  2 

=  h  /12a  ,  thickness  parameter 
circumferential  coordinate  angle 
Poisson’s  ratio 
mass  density 

natural  frequency  in  rad/sec 

rj  CO  ^{1  dimensionless  frequency  parameter 


INTRODUCTION 


The  vibrational  characteristics  of  thin  conical  shells  have  re^ 
ceived  increased  attention  in  recent  years  because  of  their  extensive 
applications  in  space  vehicles  and  other  structures.  In  a  current  re¬ 
search  program  on  shell  dynamics.,  a  comprehensive  investigation  has 
been  made  on  vibrations  of  freely  supported  conical  shells.,  and  the  cor¬ 
relative  analytical  and  experimental  results  obtained  therefrom  have 
been  reported  in  Ref,  11  As  a  part  of  the  study  of  the  boundary  con¬ 
dition  effects,  further  experiments  were  extended  to  the  case  of  trun¬ 
cated  conical  shells  with  free  edges.  The  present  paper  presents  the 
measured  resonant  frequencies  and  associated  mode  shapes  of  free- 
free  conical  shells  over  a  fairly  complete  range  of  geometrical  and 
modal  parameters. 

Like  the  free-free  cylindrical  shell,  thin  conical  shells  with 
free  edges  are  developable  surfaces,  and  possess  very  small  rigidity 
to  transverse  motion  (Rayleigh®  s  inextensional  deformations).  There¬ 
fore,  the  lowest  family  of  natural  frequencies,  associated  with  flexural 
modes,  is  extremely  small  compared  to  the  higher  families  in  the 
spectrum.  This  flexibility  and  the  low  frequencies  cause  particular 
difficulties  both  in  experiments  and  in  analytical  calculations.  In  the 
experimental  procedure,  special  care  must  be  paid  to  keep  the  highly 
unstable.,  vibrating  shell  model  in  a  steady-state  motion,  and  to  separate 
different  normal  modes  with  extremely  close  frequencies.  In  analysis, 


the  low  frequency  was  found  to  make  the  governing  eigenvalue  problem 
nearly  singular,  thus  requiring  a  high-precision  calculation  procedurco 
Careful  analysis  of  the  resonant  frequency  data  shows.,  however., 
that  the  natural  frequencies  of  the  first  axial  modes  of  free-free  conical 
shells  differ  only  slightly  from  those  predicted  by  the  inextensional 
theory  of  cylindrical  shell  vibrations.  An  empirical  modification  term^ 
taking  account  of  the  conical  angle,  was  found  sufficient  to  give  satis¬ 
factory  accuracy  over  the  entire  range  of  parameters  studied. 
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EXPERIMENTAL  APPARATUS  AND  PROCEDURE 


The  apparatus  and  procedure  used  to  excite  and  record  the  reso¬ 
nant  frequencies  and  to  map  the  mode  shape  are  the  same  as  described 
in  Refc  L  The  steel  shell  models  are  driven  by  pulsed  magnetic  fields 
through  two  symmetrically  located  magnets^  and  the  transverse  dis¬ 
placement  response  is  measured  by  a  non-contacting  probe;  thus 
neither  the  excitation  nor  the  measuring  device  alters  the  vibrational 
characteristics  of  the  thin  shell  appreciably,  A  photograph  of  the  ex¬ 
perimental  set-up  is  shown  in  Fig,  L 

Four  shell  models  were  formed  from  0,  010  inch  thick  rolled 
steel  shim  stock.  The  cones  were  developed  from  flat  sheets  and  butt- 
welded  along  a  generatorp  with  negligible  discontinuity  introduced  by 
the  joint.  The  geometry  of  the  cones  is  described  in  Table  1, 

TABLE  1 


Model  No, 

a 

^2/^1 

h/ a 

afin. ) 

1 

14.  2° 

2,  23 

0. 00166 

6.07 

2 

30.  2° 

2.  27 

0. 00127 

7.  95 

3 

45.  1° 

2,  25 

0. 00112 

8.  96 

4 

60.  5° 

2,  25 

0. 00101 

10,  00 

To  simulate  the  free-edge  boundary  conditions  the  conical  shell 
model  was  placed  with  its  minor  edge  on  three  equally  spacedp  softp 
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foamed-rubber  cushions^  cut  in  small  cylinders  of  1/Z  inch  diameter 
(Figo  l)o  The  cushions  were  very  flexible  and  had  only  negligible  local 
effect  on  the  shell  motion.  The  reason  of  supporting  the  cone  on  its 
minor  edge  is  that^  from  experimental  evidence^  the  normal  mode 
vibrations  under  consideration  are  usually  characterized  by  the  pre-^ 
dominate  transverse  motion  near  the  major  edge^  with  only  small 
displacements  at  the  minor  edge.  Therefore,  any  constraint  at  the 
major  edge  would  result  in  a  relatively  larger  distortion  of  the  mode 
shape. 

There  are  special  difficulties  arising  in  the  excitation  of  free^ 
free  conical  shells,  mainly  because  of  their  low  rigidity.  The  d.  c. 
component  of  the  exciting  magnets  was  found  strong  enough  to  distort 
somewhat  the  circular  shape,  and  considerable  care  had  to  be  taken 
to  keep  the  shell  model  from  being  attracted  to  the  magnets;  hence  low 
excitation  forces  were  used  to  maintain  a  steady  motion.  Stray  wind 
currents  were  also  found  sometimes  to  rock  the  model  on  its  supports, 
but  their  effect  was  removed  from  the  mode  shape  plots  by  a  band¬ 
pass  frequency  filter.  The  inevitable  slight  deviation  from  a  perfect 
circular  shape  also  caused  difficulties  in  mapping  the  circumferential 
mode  shape.  The  nodal  lines  and  nodal  circles  were  not  always 
clearly  marked  by  a  zero  displacement  line,  but  had  to  be  determined 
by  observing  the  phase  shift  of  the  displacement  signal  as  the  probe 
crossed  a  nodal  line.  The  band-pass  frequency  filter  also  removed 
other  impurities  in  the  displacement  signals. 
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RESULTS  AND  DISCUSSION 


Resonant  Frequencies 


The  resonant  frequencies  for  the  free-free  cones  are  presented 
graphically  in  Figs.  2  through  5  for  the  four  shell  models  tested.  The 
non-dimensional  frequency  parameter  il  is  plotted  against  the  circum¬ 


ferential  wave  number  n. 

It  is  seen  that^  for  the  first  axial  mode  number  (m  =  l)^  the 
resonant  frequencies  form  a  smooth  curve,  essentially  parabolic  in 
shape.  The  lowest  natural  frequency  always  occurs  at  m  =  1  and 
n  =  2.  The  higher  axial  modes  (m  =  2  and  3)  exhibit  a  more  complex 
tendency.  For  example,  the  curves  corresponding  to  m  =  2  have  an 
abrupt  change  in  slope  at  values  of  n  between  6  and  10,  which,  as  will 
be  seen  later,  is  connected  to  an  unusual  change  in  the  axial  mode 
shape  with  increasing  n.  The  high  density  of  the  natural  frequencies 
is  obvious  from  the  frequency  plots. 

As  mentioned  before,  the  resonant  frequencies  of  free-free 
conical  shells  are  slightly  higher  than  those  predicted  by  the  inexten- 
sional  frequency  equation  for  a  cylindrical  shell.  From  Ref.  3,  the 
frequency  equation  for  inextensional  modes  of  a  long,  free-free  cylinder 


has  the  simple  form 


n  =  Ve 


riOfzIl 

4~n^TT 


(1) 
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where  e  =  h^/i2a^  is  the  thickness  parameter.  By  comparing  the 
measured  frequencies  of  the  four  conical  shell  models  with  the  corre¬ 
sponding  values  given  by  Eq.  {i)s  it  was  found  that  a  modification  term 
proportional  to  sin(3  (X/2)  was  needed  to  account  for  the  increased 
stiffness  due  to  the  taper.  Thus^  the  following  semi-empirical  fre¬ 
quency  equation  is  proposed  for  thin  conical  shells: 

^  ~  ^0^  (^-f- f  i- 4  sin^) 

The  frequencies  calculated  according  to  Eq.  (2)  are  also  plotted  vs 
n  in  Figs,  2  through  5  as  solid  curves.  It  is  seen  that  the  agreement 
is  in  general  excellent  for  the  whole  range  of  parameters  testedj  with 
the  exception  that,  at  low  values  of  n^  say  n  =  2  and  3,  the  relative 
errors  are  appreciable  due  to  the  low  numerical  values  of  the  frequencies 
them  self. 

Since  relatively  little  experimental  data  have  been  published 

pertaining  to  the  vibrations  of  free-free  conical  shells,  the  range  of 

applicability  of  Eq.  J2)  with  regard  to  the  completeness  parameter 
s  /s 

"Z/  1  is  uncertain.  Recent  work  of  Watkins  and  Clary  (Ref.  2)  con¬ 
tains  experimental  data  for  free-free  cones  with  ^z/^l  ranging  from 
1.  16  to  2.  33,  the  latter  value  being  approximately  the  same  as  in  the 
present  experiments.  A  comparison  of  their  measured  resonant  fre¬ 
quencies  and  those  calculated  by  Eq.  (2)  is  given  in  Fig.  6,  where  n 
is  the  circumferential  wave  number  at  the  major  edge,  since  in  Ref.  2, 
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different  n  values  were  observed  at  the  minor  edge  ,  It  is  seen  that 
the  agreement  is  also  good.,  indicating  that  the  natural  frequencies  of 
free-free  conical  shells  are  not  sensitive  to  changes  in  the  completeness 
parameter  ®z/^lc  The  mode  shapes  in  general  show  relatively  little 
motion  at  the  small  end  of  the  cone,  so  the  completeness  parameter 
(^z/^l)  would  not  be  expected  to  affect  the  frequency  greatly.. 

Mode  Shapes 

Experimental  mode  shapes  of  selected  modes  were  mapped  for 
the  four  cone  models  described  in  Table  1«  The  mode  shapes  for  the 
four  cones  were  similar,  so  only  the  results  for  the  45^  cone  will  be 
discussed  in  detail.  The  circumferential  mode  shapes  were  found  to  be 
simply  proportional  to  sin  n^  .,  as  predicted  by  theory.  Figures  7  and  8 
show  the  normalized  transverse  mode  shapes  along  a  generator  for 
m  =  1  and  Z  respectively.  In  Fig,  7  the  transverse  displacement  is 
seen  to  be  essentially  linear  for  n  =  2  to  10.,  as  assumed  by  Rayleigh's 
inextensional  theory.  The  nodal  circle  is  near  the  small  end  of  the 
cone  at  low  n,  but  slowly  shifts  toward  the  middle  as  n  increases.  How¬ 
ever,  as  n  increases  from  10  to  IZ,  a  drastic  change  in  the  mode  shape 
occurs.  It  is  seen  that  the  generator  abruptly  changes  from  the  nearly 
straight  form  {inextensional  deformation)  to  a  curved  form  with  de¬ 
creased  motion  near  the  smaller  end. 

See  discussion  given  in  Ref,  4, 
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In  Fig,  85  similar  mapping  of  mode  shapes  is  shown  for  m  2, 
It  is  interesting  to  note  that  the  number  of  nodal  circles  does  not 
accordingly  increase  to  two  as  might  be  expected.  The  mode  shapes 
in  general  resemble  those  for  m  =  1,  except  that  the  nodal  circles 
all  shift  toward  the  major  end.  A  transition  can  also  be  observed  at 
n  =  10  to  12s  where  the  generator  begins  to  deviate  from  a  nearly 
straight  line  and  bend  into  a  reverse  curve.  This  transition  is  re¬ 
flected  on  the  frequency  plots  (Fig.  4)  where  it  can  be  seen  that  the 
slope  of  the  XI-  n  curve  suddenly  decreases.  This  indicates  that 
the  new  mode  pattern  formed  from  this  transition  has  a  slightly  lower 
energy  level  than  the  corresponding  inextensional  modes. 
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CONCLUSIONS 


The  natural  frequencies  of  four  conical  shell  models  have  been 
measured  for  the  free-edge  boundary  condition,  with  normal  displace¬ 
ment  mode  shapes  of  selected  modes  mapped  along  a  generator.  The 
density  of  the  frequency  spectrum  was  found  extremely  high.  For  a 
conical  shell  with  given  geometry,  it  is  highly  probable  that  several 
normal  modes,  with  different  values  of  modal  parameters  m  and  n,  may 
have  the  same  or  very  close  frequency;  thus,  complex  response  patterns 
are  likely  to  take  place  for  excitation  at  any  forcing  frequency. 

A  semi-empirical  frequency  formula  is  proposed  which  predicts 
the  frequencies  of  the  first  axial  mode  (m  =  1)  with  good  accuracy.  From 
the  measured  tnode  shapes,  it  can  be  justifiably  concluded  that,  if  n  is 
not  too  large,  (say,  n  ^  10  for  the  shell  models  tested),  the  first  axial 
modes  assume  the  inextensional  deformation. 

Finally,  it  may  be  remarked  that,  for  thin,  free-free  conical 
shells,  the  flexural  frequencies  are  directly  proportional  to  the  thick¬ 
ness  ratio  h/a,  and  are  insensitive  to  a  change  in  the  completeness 
parameter. 
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FREE-FREE  CONICAL  SHELL 


Figure  3.  Resonant  Frequencies  for  30.  2°  Con 
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Figure  8.  Mode  Shapes  for  Second  Axial  Mode  (m  =  2)  for  45.  1°  Cone 
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Frequency  Data  for  Free-Free  Cones 
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Equation  (2) 


Model  Noo 


I 


20 


Equation  (Z) 
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”The  aeronautical  and  space  activities  of  the  United  States  shall  be 
conducted  so  as  to  contribute  ...  to  the  expansion  of  human  knowl¬ 
edge  of  phenomena  in  the  atmosphere  and  space.  The  Adfninistration 
shall  provide  for  the  widest  practicable  and  appropriate  dissemination 
of  information  concerning  its  activities  and  the  results  thereof.'’ 

— National  Aeronautics  and  Space  Act  of  1958 


NASA  SCIENTIFIC  AND  TECHNICAL  PUBLICATIONS 


TECHNICAL  REPORTS:  Scientific  and  technical  information  considered 
important,  complete,  and  a  lasting  contribution  to  existing  knowledge. 

TECHNICAL  NOTES:  Information  less  broad  in  scope  but  nevertheless 
of  importance  as  a  contribution  to  existing  knowledge. 

TECHNICAL  MEMORANDUMS:  Information  receiving  limited  distri¬ 
bution  because  of  preliminary  data,  security  classification,  or  other  reasons. 

CONTRACTOR  REPORTS:  Technical  information  generated  in  con¬ 
nection  with  a  NASA  contract  or  grant  and  released  under  NASA  auspices. 

TECHNICAL  TRANSLATIONS:  Information  published  in  a  foreign 
language  considered  to  merit  NASA  distr;  :)ution  in  English. 

TECHNICAL  REPRINTS:  Information  derived  from  NASA  activities 
and  initially  published  in  the  form  of  journal  articles. 

SPECIAL  PUBLICATIONS:  Information  derived  from  or  of  value  to 
NASA  activities  but  not  necessarily  reporting  the  results  of  individual 
NASA-programmed  scientific  efforts.  Publications  include  conference 
proceedings,  monographs,  data  compilations,  handbooks,  sourcebooks, 
and  special  bibliographies. 


Details  on  the  availability  of  these  publications  may  be  obtained  from: 

SCIENTIFIC  AND  TECHNICAL  INFORMATION  DIVISION 

NATIONAL  AERONAUTICS  AND  SPACE  ADMINISTRATION 

Washington,  D.C.  20546 


